
electronic reprint
Journal of

Applied
Crystallography

ISSN 0021-8898

Editor: Anke R. Kaysser-Pyzalla

Patterson analysis for layer profile determination by neutron
or X-ray reflectometry

Zin Tun

J. Appl. Cryst. (2012). 45, 398–405

Journal of Applied Crystallography covers a wide range of crystallographic topics from
the viewpoints of both techniques and theory. The journal presents papers on the applica-
tion of crystallographic techniques and on the related apparatus and computer software.
For many years, the Journal of Applied Crystallography has been the main vehicle for
the publication of small-angle scattering papers and powder diffraction techniques. The
journal is the primary place where crystallographic computer program information is
published.

Crystallography Journals Online is available from journals.iucr.org

J. Appl. Cryst. (2012). 45, 398–405 Zin Tun · Patterson analysis for layer profile determination

http://journals.iucr.org/j/
http://dx.doi.org/10.1107/S0021889812015075
http://journals.iucr.org/j/
http://journals.iucr.org


research papers

398 doi:10.1107/S0021889812015075 J. Appl. Cryst. (2012). 45, 398–405

Journal of

Applied
Crystallography

ISSN 0021-8898

Received 5 February 2012

Accepted 5 April 2012

Patterson analysis for layer profile determination by
neutron or X-ray reflectometry

Zin Tun

Canadian Neutron Beam Centre, National Research Council Canada, Chalk River Laboratories,

Chalk River, Ontario, Canada K0J 1J0. Correspondence e-mail: zin.tun@nrc.gc.ca

The possibility of using Patterson analysis to interpret neutron or X-ray

reflectometry data has been critically examined in terms of a hypothetical case

study. The technique yields a highly accurate layer profile model provided the

data are measured with a beam geometry that gives rise to unit reflectivity at Q =

0 only, i.e. Qc = 0. For those cases where a plateau of unit reflectivity extends out

to finite Q, i.e. Qc > 0, a distorted model is obtained. A strategy to significantly

improve this initial estimate of the model is proposed and demonstrated.

1. Introduction
The challenge in analysing neutron or X-ray reflectometry

(NR or XR) data is to find a suitable model that can be refined

by a fitting procedure until the calculated reflectivity agrees

with observation within acceptable errors. Alternatively, one

could resort to approaches where the goal is to arrive at a

‘free-form’ layer profile via a method independent of

presumptions about the sample. In the latter case, free form is

achieved by using independent and sufficiently thin micro-

strips. Regardless of the approach, the challenge is a problem

familiar to all crystallographers: it is the counterpart of the

phase problem in crystal structure determination.

For crystallographers, a number of techniques are available

to tackle the phase problem. Among them is Patterson

analysis, where one calculates the autocorrelation function of

the spatial distribution, �(r), of the particles that cause scat-

tering by Fourier transforming the measured diffracted

intensity. The particles we refer to here, of course, are nuclei in

the case of neutrons and electrons for X-rays. The Patterson

function has been a useful tool in solving crystal structures and

it is natural to ask if it could be applied to the analysis of NR

or XR data.

Application of the Patterson function to reflectometry has

appeared in the literature. In 1991, Sivia and co-workers,

referring to the technique as ‘speckle holography’, presented

it as a way of removing ambiguity in determining certain kinds

of layer profiles (Sivia, Hamilton & Smith, 1991; Sivia,

Hamilton, Smith, Rieker & Pynn, 1991). The authors correctly

pointed out that the technique is general and has the potential

of becoming a tool widely used in analysing reflectometry

data, yet Sivia et al.’s work remains relatively unknown. The

reason is perhaps that it was labelled as holography, a term not

of primary interest among the practitioners of reflectometry:

nor is it for crystallographers, a talent pool many reflectometry

practitioners have come from.

Another highly relevant publication is the paper by

Bataillou et al. (2003). The authors applied Patterson analysis

to the XR data of a thin SiO2 layer sandwiched between two Si

slabs (bonded wafers each covered with �500 Å-thick oxide).

Being a buried interface, the X-ray measurement necessarily

involved transmitting the radiation through one of the slabs

while the other served the role of the substrate in a usual

reflectometry experiment, i.e. they were the incident and the

final media for the radiation. This special situation led to a

reflectivity curve where total reflectivity (i.e. R = 1) occurred

only at the limit of the scattering wavevector Q = 0. We shall

see that reflectivity data with such a feature are particularly

amenable to being analysed via the Patterson function.

In this paper, we will investigate the possibility of using the

Patterson function in analysing NR or XR data. We will argue

that its use can be quite general, not limited to a few niche

applications. Some may wonder, given that the diffracted

intensity in reflectometry is not related to �(r) in a simple

Fourier transform, whether it is even possible to contemplate

the use of the Patterson function. We note that this extra

complication arises because of the breakdown of the kine-

matic approximation at small wavevectors, Q, not much larger

than the critical wavevector, Qc, for total external reflection.

We shall show that there are ways of reducing the distortion

caused by the breakdown, either by avoiding total reflectivity

at finite Q (i.e. Qc = 0) or by introducing an extra step in the

analysis.

The general layout of the paper is as follows: in x2 we will

define the functions and notations needed for our discussion.

x3 will explain how Patterson analysis could be made applic-

able to interpreting NR or XR data for the majority of the

problems we tend to study with these techniques. x4 introduces

a hypothetical sample for a case study, while xx5–7 present the

interpretation of simulated data. The discussion and conclu-

sions are set out in xx8 and 9.

2. Functions and notations

The layer structure of samples studied with reflectometry is

usually represented by a one-dimensional scattering-length

density (SLD) function �(z). For a truly one-dimensional
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distribution, i.e. SLD depending only on depth (z) and no in-

plane variations, reflectivity is nonzero only along the

component of Q that is perpendicular to the sample surface.

This quantity, known as specular reflectivity R(Q), can be

measured by performing a 2��� scan on the sample using

either neutrons or X-rays. It can also be calculated exactly

from �(z) by dynamical scattering theories such as the Parratt

(1954) formalism or by the optical transfer matrix method

(Born & Wolf, 1970).

Qualitatively, incident radiation is scattered as the result of

variations in �(z), i.e. only the parts of the distribution with

d�/dz = �0(z) 6¼ 0 contribute to scattering. In the limit of weak

scattering, the problem reduces to standard diffraction where

the kinematic approximation holds (also known as the first

Born approximation). In this approach we can calculate

reflectivity by first calculating the structure factor F(Q)

defined as the Fourier transform of �0(z):

FðQÞ ¼ R
�0ðzÞ expðiQzÞ dz: ð1Þ

The properly normalized reversed Fourier transform is

�0ðzÞ ¼ ð1=2�Þ R FðQÞ expðiQzÞ dQ: ð2Þ
In the kinematic approximation, we talk about ‘diffracted

intensity’, which is actually the differential scattering cross

section d�/d�. We will denote it as I(Q) = |F(Q)|2. The I(Q)

encountered in reflectometry is generally nonzero at all Q,

whereas its counterpart in crystallography is usually discrete,

i.e. nonzero at Bragg positions only.

The approximate relationship between R(Q) and I(Q) is

well known and has been given by a number of authors

(Penfold & Thomas, 1990, equation 2.23; Sivia, Hamilton &

Smith, 1991; Sivia, Hamilton, Smith, Rieker & Pynn, 1991):

RðQÞ ’ ð16�2=Q4ÞIðQÞ ðfor Q � QcÞ: ð3Þ
The requirement that Q must be much higher than Qc signifies

that the approximate equality holds only in the weak scat-

tering limit. If Q is equal to, below or not much higher than Qc,

reflection from the sample is very strong and the equality is

not valid.

We will now introduce the idea of applying Patterson

analysis to reflectometry. In the context of solving crystal

structures Patterson (1934) proposed the Fourier transform of

the diffracted intensity, P(r), as a useful aid since it is a map of

interatomic vectors. The same reasoning applied to the

quantities defined above leads to the following relationship

between the Q-space and z-space functions, where FT stands

for Fourier transform:

IðQÞ ¼ FðQÞF�ðQÞ ð4Þ
#FT #FT #FT

PðzÞ ¼ �0ðzÞ � �0ðzÞ ¼ R
�0ðxÞ�0ðxþ zÞ dx: ð5Þ

The last equation is the convolution theorem. In our case, as a

consequence of defining F(Q) in terms of the differential �0(z),

P(z) comes out as the autocorrelation function of �0(z), not

that of �(z).

From equation (5) we can see an important property of P(z)

specifically for reflectometry. First, note that �0(z) tends to

zero at sufficiently large |z| since �(z) is constant in the initial

and the final media. Consequently, if |z| is sufficiently large

there is no overlap of nonzero features between �0(x) and

�0(x + z), yielding a null integral. No analogy of this exists for

crystals since the assumption of periodic � that never ends is

built in right from the beginning in order to explain the

‘infinitely’ sharp Bragg peaks. We shall see that the null

regions expected for P(z) serve a useful purpose in analysing

NR or XR data.

Given the approximate relation (3), it is natural to ask what

one would get by Fourier transforming the quantity RQ4 if

I(Q) is not available. (The quantity directly comparable to

RQ4 is 16�2IðQÞ. In all calculations the factor 16�2, or the

inverse of it, is included but for brevity we may say I(Q) or

RQ4 in the text). We will refer to this Fourier transform as the

pseudo-Patterson function, Ps(z), and the question is how

significantly it deviates from P(z).

3. Applicability to reflectometry

Suppose we have somehow determined the true P(z), the

autocorrelation function of �0(z). Our knowledge of P(z) may

be either analytical (i.e. continuous) or as a discrete function,

say, at 1 Å intervals. Interfaces appear as peaks in �0(z),

positive or negative peaks depending on the corresponding

slope of �(z). As usual, P(z) contains a very large peak at the

origin (i.e. z = 0), and not much could be learned from it. Our

interest lies with the peaks that are far from the origin. The

simplest case to understand is when �0(z) contains a peak that

is almost like a � function and well separated from all other

peaks. This is Sivia et al.’s speckle holography. Recalling that

convolution of a � function with any other function returns the

same function, the non-origin peaks in P(z) are the features of

�0(z) away from the � function. Integrating over these features

will yield the layer profile �(z). This is an example of a rare

case where what we see is essentially the answer we seek.

Or is it that rare? Most samples studied by reflectometry are

thin layers directly deposited on an Si substrate or on a

substrate pre-coated with a metal thin film. In the former case,

the Si substrate is not truly blank since it is usually covered

with a thin layer of SiO2. One can thicken the oxide to several

hundred ångströms before depositing the unknown layer. The

Si/SiO2 interface, well separated from the unknown part, will

then give a �-function-like peak in �0(z). For those samples

where unknown layers are deposited on a metal thin film, one

can choose a film thick enough so that the Si/metal interface is

well separated from the unknown part. Finally, certain mol-

ecules, especially polymers, are known to stick to the substrate

in a particular way so that a constant-density plateau naturally

develops between the substrate and the unknown surface

features. In these cases, the required sharp and well separated

interface could be realized by simply designing long enough

polymers. We therefore propose that a sample with a

reasonably sharp interface sufficiently separated from the rest

of the features does not need to be a rarity. As will be
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demonstrated in the sections below, Patterson analysis can

unambiguously determine a layer profile model for subse-

quent least-squares refinement.

4. Hypothetical sample and simulated data

Our demonstration of Patterson analysis will be in terms of a

hypothetical sample. We will imagine an SLD layer profile that

is realistic. This approach, instead of using actual data on a

real sample, has the advantage that we know exactly what the

answer should be if the technique works.

The SLD profile we shall hypothetically adopt is shown in

Fig. 1(a), where all the interfaces are represented by the error

function. The interface furthest to the left is between the

substrate (� = 2 � 10�6 Å�2 ’ � of Si) and a 150 Å-thick layer

of constant � (3 � 10�6 Å�2 ’ � of Zr). On the right, well

separated from the first interface, is a surface feature that is in

contact with air (� = 0). To make the problem challenging, we

have defined the surface feature to consist of two distinct

layers; an inner high-density part (6 � 10�6 Å�2 ’ � of highly

packed ZrO2) and an outer low-density part (4 � 10�6 Å�2).

The outer layer is only 20 Å thick. If this were a true sample,

this region would be hard to see (but not impossible) with

present day neutron reflectometers.

Fig. 1(b) is the differential function, �0(z), where the inter-

faces appear as Gaussians. The peak on the left is almost a �
function, while those on the right, corresponding to the

surface feature, are much broader. Consequently, the corre-

sponding P(z) will contain a cluster of peaks that look almost

identical to the surface feature peaks of �0(z). The space

between this cluster and the customary origin peak is another

null region. In terms of equation (5), this null region arises for

the values of z that place the � function of �0(x) somewhere

between the � function and the surface feature of �0(x + z). We

shall see that this null region too is useful in analysing NR or

XR data.

The ‘experiment’ on a hypothetical sample is, of course,

imaginary. If the substrate supporting the thin-film sample is

reasonably transparent to the radiation used (either neutrons

or X-rays) two geometries are possible for arranging the

sample with respect to the incident and reflected beams. While

it is more common to let the incident beam shine on the film

from the air side (front incident), the sample could be flipped

to let the radiation impinge on the film from the substrate side

(back incident). With the latter geometry, one pays in intensity

because of beam attenuation through the substrate, but this

geometry enables various otherwise impossible experiments.

We will investigate which geometry is more suitable for the

application of Patterson analysis.

Fig. 2 shows the reflectivity R(Q) calculated for the front-

incident (solid curve) and back-incident (circles) geometries.

These curves are the simulated data for our case study. They

are significantly different from each other only at very low Q.

Front-incident geometry leads to a plateau of R = 1 that ends

at Qc = 0.010 Å�1. No plateau exists for back-incident

geometry. For both geometries, the reflectivity decreases

rapidly with increasing Q, and becomes <1% by �3Qc. For Q >

0.033 Å�1 the two curves are virtually indistinguishable from

each other. The simulated data are of extremely high quality

both in precision (limited only by the number of significant

digits of the computer) and in the dynamic range (from Q of 0

to 0.5 Å�1, covering some ten orders of magnitude in R).

Although unrealistic, these ideal data are useful to demon-

strate the Patterson analysis technique in principle. Random

errors will be introduced later to simulate real experimental

data. As we have full control of the ‘errors’, this approach

allows us to investigate which type of error is most detrimental

to the analysis technique.
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Figure 1
(a) SLD profile, �(z), of a hypothetical thin film. The film is supported by
a substrate that extends in z to 1 (SLD = 2 � 10�6 Å�2). On the other
side of the film, extending to +1, is air (SLD = 0). Steps in � are
represented by the error function. (b) The derivative of the SLD, �0(z) =
d�/dz. Peaks in �0 are Gaussians with integrated area equal to the step
size in �. The area under the sharp peak at z = 0, for example, is 1 �
10�6 Å�2.

Figure 2
Calculated reflectivity, R(Q), of the hypothetical sample. In accordance
with the Fresnel equation, R(Q) depends on the beam geometry. If the
incident radiation strikes the thin film from the air side, R(Q) manifests
unit reflectivity out to Qc = 0.01 Å�1 (solid curve). If the radiation strikes
from the substrate side, Qc = 0 (circles). The two cases, respectively, are
referred to as the front- and back-incident geometry. The inset shows the
difference in R(Q) at very small Q.

electronic reprint



5. Data analysis – the naive approach

Patterson analysis in reflectometry is based on RQ4 as I(Q) is

not experimentally available. Fig. 3 shows the simulated data

in the form of RQ4. The inset emphasizes the fact that the two

incident geometries lead to differences only at very low Q. It

also shows how the diffracted intensity, 16�2I(Q), depicted as

a dashed curve, differs from both sets of reflectometry data at

low Q. The three curves merge as one for Q > 0.1 Å�1.

The pseudo-Patterson function, Ps(z), of course, is not P(z);

however, as a result of equation (3), it is expected to manifest

all aspects of P(z) approximately. This is the basis for our

naive approach. Figs. 4 and 5, respectively, show the pseudo-

Patterson functions obtained by Fourier transforming the RQ4

functions plotted in Fig. 3. A dashed curve that represents

�0(z) scaled to the size of P(z) is also shown in the figures.

For both geometries, Ps(z) displays a cluster of peaks well

separated from the origin peak. The cluster is readily identi-

fied as the surface feature peaks but somewhat distorted. The

distortion is large for the front-incident geometry (Fig. 4) and

much smaller for the back-incident geometry (Fig. 5). This

comparison between the two geometries shows decisively that

reflectivity measured with back incidence is preferable if the

data are to be analysed via the Patterson technique.

6. Beyond the naive approach

We have seen that reflectivity measured with back-incident

geometry yields a �0(z) that hardly needs further improve-

ment. Unfortunately, back-incident geometry is not always

practical as it requires the thin-film sample to be on a substrate

that is reasonably transparent to the radiation used. There-

fore, it is desirable to find ways to improve the accuracy of the

�0(z) obtained with the front-incident data. A detailed

examination of the behaviour of Ps(z) in the expected null

regions suggests how this could be done.

Two distinct null regions are expected for P(z) for our

hypothetical sample. For Ps(z), the null region at large |z|

appears beyond the surface feature peaks (z > 220 Å), with a

rather large negative offset in Fig. 4 and a slight positive offset

in Fig. 5. The other expected null appears in both figures

between z = 70 and 140 Å, again not truly zero. In Fig. 4, Ps(z)

in this range is visibly slanted. In Fig. 5, this region is flat but

has a slight negative offset. By plotting these figures to very

high z values (up to 3000 Å), the deviation of Ps from zero in

the expected null regions can be recognized as part of a very

long wavelength undulation. They are thus identified as arising
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Figure 3
Reflectivity data plotted as RQ4. The solid curve is for front-incident
geometry, while the circles are for back incidence. The inset shows that
both R(Q) curves are different from the diffracted intensity function
16�2I(Q) (dashed curve) at small Q, but all three are practically
indistinguishable for Q > 0.1 Å�1.

Figure 4
Fourier transform of the front-incident RQ4 data (solid curve). The
transform, termed the pseudo-Patterson function, is divided by the factor
16�2A� so that it is directly comparable to the SLD differential �0(z). A� is
the area under the sharp peak of �0, shown in Fig. 1(b) and replotted here
as the dashed curve.

Figure 5
Fourier transform of the back-incident RQ4 data (circles). The transform,
the pseudo-Patterson function, is divided by the factor 16�2A� so that it is
directly comparable to the SLD differential �0(z). A� is the area under the
sharp peak of �0, shown in Fig. 1(b) and replotted here as the dashed
curve.
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from the differences between RQ4 and I(Q) at low values of Q,

and lead to the following questions:

(1) Is it possible to make the magnitude of Ps(z) approach

zero (or at least to minimize it) within the null regions by

adjusting the RQ4 values at the low-Q end?

(2) Will the adjusted RQ4 lie closer to I(Q)?

(3) Will Ps(z) calculated from the adjusted RQ4 be a better

representation of �0(z), yielding a more accurate initial

model?

The answer is yes for all three questions. We shall demon-

strate this by adjusting the low-Q end of the front-incident

data. The procedure based on the least-squares method is

described fully in Appendix A. Herein, we will present a brief

description only, followed by a discussion of the outcome.

We first define the quantity to be minimized as E =P
|Ps(z)|2, where the sum over discrete points includes only

those that lie within the expected null regions. Therefore, prior

to applying this procedure, null regions must have been

identified by a plot such as Fig. 4. In our case, Ps(z) for z = 72–

136 Å and z = 218–3220 Å were included in the sum for E. The

upper cut-off for the second null region is arbitrary since the

region extends to infinity. Tests show that including the second

null region to a sufficiently high z is essential to prevent the

least squares from converging to a wrong minimum. Finally we

need to choose the range of Q over which the RQ4 values are

allowed to vary. We chose the range of Q = 0.001–0.030 Å

inclusive (in steps of 0.001 Å). The RQ4 values beyond this

range were held fixed at the original values.

The outcome of the adjustment procedure is illustrated by

Figs. 6 and 7. In Fig. 6, the original values of RQ4 are marked

by the dotted curve within the variable range and the portion

of the solid curve with Q > 0.03 Å for the fixed range. The

adjustment shifted the values from the dotted curve to the

solid curve. The function with the adjusted low-Q end is thus

represented by the entire solid curve, which has a small

discontinuity at Q = 0.03 Å. Fourier transforming this function

led to the solid curve in Fig. 7. We see that the null regions of

this revised Ps(z) are all essentially zero – the answer for

question (1). In Fig. 6, all points originally on the dotted curve

shifted towards 16�2IðQÞ, represented by the dashed curve.

With no exception, this is the answer for question (2). Finally,

the solid curve in Fig. 7 is a better representation of the surface

feature peaks of �0(z) (dashed curve) than the original Ps(z)

(dotted curve) – the answer for question (3). All three ques-

tions raised above have been answered positively.

How are we to understand the function RQ4 with the data at

the low-Q end adjusted? Mathematically, it is a new function

in Q space, which we will represent by the symbol fRQ4gadj.

Free of jagged features caused by the discontinuity at Qc (see

Fig. 6), it manifests all general features of I(Q), the Fourier

transform of the true Patterson function P(z). Simply via a

Fourier transform, i.e. in the realm of the kinematic approx-

imation as opposed to dynamical scattering theory, fRQ4gadj

yields a revised Ps(z) that bears a close resemblance (at least

closer than the original function RQ4) to P(z), the result we

ultimately seek. For easy reference, the strategy of analysing

reflectivity data through fRQ4gadj shall be dubbed ERIKA: a

way of obtaining an ‘equivalent result in kinematic approx-

imation’.

7. Simulated data with errors

We have so far used simulated data of an unrealistic quality,

R(Q), to demonstrate the Patterson analysis and the ERIKA

procedure. The remaining question is, will the technique work

if it is applied to actual experimental data? To obtain simu-

lated data that are more realistic, we will introduce two types

of random errors. Rrand is derived from the error-free R(Q) as

follows:

RrandðQÞ ¼ RðQÞE1 þ E2; ð6Þ
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Figure 6
The original RQ4 function (dotted curve), and the function obtained by
adjusting the low-Q part of the original function (solid curve). Note that
the solid curve, fRrandQ

4gadj, is a better approximation to the diffracted
intensity function 16�2I(Q) (dashed curve).

Figure 7
The original pseudo-Patterson function (dotted curve) and the revised
function given by ERIKA (solid curve). Dividing the functions by the
factor 16�2A� makes them directly comparable to the SLD differential
�0(z), shown in Fig. 1(b) and replotted here as the dashed curve.
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where E1 is randomly generated from a normal distribution of

mean = 1 and standard deviation �, whereas E2 is a random

integer at a chosen level, say, at the 10�7 level. The possible

values of E2 in that case would be 1 � 10�7, 2 � 10�7 etc.

Tests with no E2 errors show that Patterson analysis is

highly resilient to the effects of E1. Simulated data with � as

high as 0.1 (10% error) still lead to easily recognizable Ps(z).

E2 errors, on the other hand, are much more disruptive and

have the effect of imposing a Qmax beyond which the data

should be excluded from the analysis.

As an example, Rrand(Q) plotted in Fig. 8 is obtained with

� = 0.02 for E1 and the most probable value of 2 � 10�7 for E2.

The effect of E2 is to set a Q-independent background, a

feature unavoidable in real experimental data. Rrand(Q) is

certainly more realistic than the error-free data of Fig. 2.

However, it would still be quite a challenge to collect NR data

of such quality with present day neutron reflectometers. For

XR, a 107 dynamic range is not unrealistic, a feat achievable

with a powerful laboratory X-ray source or using synchrotron

radiation.

Viewing the data in terms of RrandQ
4 as in Fig. 9 highlights

the cause of the devastating effect of E2. Amplified by the Q4

factor, the ‘noise’ at the high-Q end is the most prominent

feature of the function. Fourier transforming the entire func-

tion (i.e. including all data up to Q = 0.5 Å�1) resulted in an

extremely ‘noisy’ Ps(z) profile. Moreover, the abrupt ending of

the amplified RQ4 gives rise to strong ripples of wavelength

2�/0.5 Å. Clearly, we are better off excluding the high-Q data

from the Fourier transform. Reducing Qmax to 0.35 Å�1 seems

to be a sensible choice since this is the end of the last hump

that is clearly visible.

The Ps(z) profile calculated from RrandQ
4 with Qmax =

0.35 Å�1 is depicted by the dotted curve in Fig. 10. This figure

is directly comparable to Fig. 7: the only difference being that

the earlier figure was derived from error-free data extending

to Qmax = 0.5 Å�1. A new feature clearly visible is an undu-

lation of period �18 Å. From the periodicity, we can imme-

diately identify it as arising from truncating the data at

0.35 Å�1. Therefore, in a real experiment, we will have no

difficulty in recognizing the null regions. Interpreting Fig. 10

then follows exactly the same line of reasoning as for the error-

free data. We note that there is an overall slanting of the

dotted curve in the range z = 72–136 Å. Moreover, the curve is

negatively offset for z > �220 Å. These are the same features

noted in Fig. 7 for the initial Ps(z), suggesting that applying

ERIKA to RrandQ
4 would be beneficial.

In practice, unlike for the error-free data, applying ERIKA

to RrandQ
4 was found to require 50% damping of the shifts.

Without damping the least squares oscillated between two

local minima that were both slightly worse than the true

minimum. Once obtained, the true minimum was stable. The

function with the low-Q end adjusted, fRrandQ
4gadj, is depicted
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Figure 10
The original pseudo-Patterson function obtained from the reflectivity
data with random errors (dotted curve), and the revised function given by
ERIKA (solid curve). Dividing the functions by the factor 16�2A� makes
them directly comparable to �0(z), the SLD differential (dashed curve).

Figure 9
Reflectivity data with random errors plotted as RrandQ

4 (solid curve). The
diffracted intensity function, 16�2I(Q), is also shown (dashed curve) for
comparison.

Figure 8
Simulated reflectivity with random errors E1 and E2. The former
represents counting statistics and the latter the Q-independent back-
ground fluctuating about a most probable value, 2 � 10�7 in this case.
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by the bold curve in Fig. 11, which is directly comparable to

Fig. 6. The values of RrandQ
4 allowed to vary span the range

Q = 0.001–0.03 Å inclusive, i.e. the same range as for the error-

free data. fRrandQ
4gadj is free of jaggedness; however, its value

near Q = 0 became slightly negative. Apart from this feature,

ERIKA has made the original RrandQ
4 values shift towards

I(Q). Fourier transforming fRrandQ
4gadj led to the revised Ps(z)

profile shown as the bold curve in Fig. 10. The 18 Å undulation

persists but the slanting and off-setting in the null regions have

been successfully removed. In the region of the surface

feature, the revised Ps(z) is closer to �0 (dashed curve) than

the original Ps(z).

8. Further discussion on ERIKA

Although algebraically straightforward, the application of

ERIKA does require careful consideration. First, one needs to

identify null regions in the original Ps(z) by inspection, which

may not be trivial if the data are noisy with experimental

errors or the separation between the sharp interface and the

rest of the features of �0(z) is not sufficiently large. Second, the

upper limit for the adjustment range for RQ4 must be chosen.

For our demonstration, we chose Q = 0.03 Å or �3Qc as the

upper limit. Tests showed that expanding to higher Q can yield

a function closer to I(Q). However, in a real situation (with no

prior knowledge of the answer) the benefit from the

improvement should be weighed against the possibility of

introducing erroneous features in fRrandQ
4gadj that will be

passed on to the model in z space. We need to be mindful that

allowing variations at high Q is equivalent to permitting

ERIKA to introduce finer features in the model.

The value of fRrandQ
4gadj at Q = 0 deserves a special

consideration. At Q = 0, RQ4 of course is zero but I(Q), the

function fRrandQ
4gadj attempts to mimic, is not zero. Indeed,

I(Q) at Q = 0 is usually known since it depends only on the

difference of � between the incident and the final media (front

and back of the sample). If �� is the difference, I(Q = 0) is

(4���)2. In the ERIKA procedure, we could preset I(Q = 0)

at the expected value and hold it constant, instead of keeping

it at zero. Both options were tested for our case study and the

method adopted was found to make little difference to the

final result. This, however, may not be the case in general and

needs to be verified, especially as we gain experience in

applying the procedure to real experimental data. Other

issues, such as how critically the final result obtained by

ERIKA depends on the cut-off for null regions, the high-Q

background and the dynamic range, should also be investi-

gated.

9. Conclusion

We have demonstrated that Patterson analysis is a useful tool

in interpreting NR or XR data. If the sample contains a sharp

interface, well separated from all other features, it is so much

the better since the analysis can yield directly an estimate of

�0(z), the differential of the sample SLD profile �(z). The

advantage is that the estimate is free of presumptions about

the sample, suitable as a good initial model for subsequent

least-squares refinement.

To assess the accuracy of the result, we have carried out

tests with simulated data for a hypothetical sample. We see

that challenges for achieving accuracy come from both the

low-Q and high-Q ends of the reflectivity data displayed as

RQ4 versus Q. At the low-Q end, this quantity is measurable

accurately but it deviates significantly from its counterpart in

the kinematic approximation, i.e. the diffracted intensity

function I(Q) whose Fourier transform would have been the

true Patterson function. At the high-Q end, the challenge is

due to the Q-independent background. When the random

fluctuation of this background is amplified by the Q4 factor, it

can render the high-Q data useless.

Our tests show that the issue at low Q is most effectively

dealt with by avoiding the Fresnel total reflection at finite Q. If

we arrange the thin-film sample so that the incident radiation

strikes the sample from the high-SLD side, total reflection

would occur only at Q = 0. Then, the range of Q over which

kinematic approximation is not satisfied becomes very small,

and the Fourier transform of the RQ4 function is almost the

true Patterson function. Unfortunately, this beam geometry

for data collection is not always practical since the incident

medium, the high-SLD material, must be reasonably trans-

parent to the radiation used. A few select materials meet this

requirement for neutrons (those free of highly opaque

isotopes and available as large single crystals) and even fewer

for X-rays (low atomic number materials). As demonstrated

by Bataillou et al. (2003) extremely bright X-ray beams from

synchrotrons may ‘popularize’ the back-incident geometry in

the not-too-distant future.

For the case of not having an incident medium of high-SLD

material we proposed a technique to improve the accuracy by

adjusting the low-Q end of the RQ4 data. The adjusted func-

tion, fRrandQ
4gadj, is an approximation to the diffracted

intensity I(Q). The Fourier transform of the adjusted function
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Figure 11
The original RrandQ

4 function (dotted curve) and the low-Q-end adjusted
function fRrandQ

4gadj (solid curve) obtained by ERIKA. The latter is a
better approximation to the diffracted intensity function 16�2I(Q)
(dashed curve).
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represents a more accurate determination of the Patterson

function, which in turn leads to a better estimate of �0(z).

There seems to be no easy fix to the issue at the high-Q end:

the only option being to strive to achieve low background so

that genuine measurement of R(Q) can be extended to as high

Q as possible. Our tests show it is better to exclude the noisy

high-Q data by setting a lower Qmax than to include all RQ4

data in the Patterson analysis. This will lead to a clearly visible

undulation in the Fourier transformed functions; however,

since its wavelength is known (2�/Qmax) we can visually

exclude this feature when interpreting the result.

APPENDIX A
For a function �0(z) that is nonzero over a finite range, the

autocorrelation function P(z),

PðzÞ ¼ R
�0ðxÞ�0ðxþ zÞ dx; ð7Þ

tends to zero at sufficiently large |z| and remains zero all the

way to |z| !1. Moreover, if the nonzero features of �0(z) are

interspersed by sufficiently wide regions of zeros, P(z)

contains additional regions where the function is zero

although |z| is not that large. For our discussion, all regions of

P(z) where the function is expected to be zero based on the

details of �0(z) will be referred to as the null regions.

In the Fourier transform space, the functions of interest are

FðQÞ ¼ R
�0ðzÞ expðiQzÞ dz; ð8Þ

IðQÞ ¼ F�F: ð9Þ
According to the convolution theorem, the reverse Fourier

transform of I(Q) is P(z), i.e.

PðzÞ ¼ ð1=2�Þ R IðQÞ expð�iQzÞ dQ: ð10Þ
Measuring X-ray or neutron reflectivity yields a function that

is analogous to I(Q), but only approximately. The function is

RQ4 where R, itself a function of Q, is the measured reflec-

tivity. The analogous relation, RQ4/16�2 ’ I(Q), is a good

approximation at large Q but progressively gets worse as Q!
0 because of the breakdown of the kinematic approximation.

Consequently, the null regions of the Fourier transform of

RQ4/16�2, denoted Ps(Q), are not truly zero.

The least-squares procedure described below treats the RQ4

values at low Q as adjustable variables to minimize the

magnitude of Ps in the null regions. The adjusted function

mimics I(Q) and could be seen as a way of attaining an

‘equivalent result in kinematic approximation’. The procedure

shall be called ERIKA.

The quantity to be minimized by ERIKA is

E ¼ P

z

½Psðri; zÞ�2; ð11Þ

where ri is the concise symbol for R(Qi)Qi
4, and the sum is over

many sampling values of z drawn from all the null regions. It is

essential that every null region is represented in the sum,

including the one that extends to 1. Tests showed that

ERIKA has a tendency to converge to a wrong minimum

where a wild oscillation develops among the variables ri (all at

small Q). Inclusion of Ps(z) at large values of z is an effective

way of preventing this behaviour.

Suppose reflectivity data give us m values of rk at discrete

values of Q, i.e. Q1, Q2, . . . , Qm. A subset of rk, represented as

ri , are to be treated as variables. Let si be the shift required for

ri to minimize E. The shifts can be obtained by solving the

following n simultaneous equations (i or j = 1, 2, . . . , n where

n << m):

P

j

sjð@2E=@ri@rjÞ ¼ ð@E=@riÞ: ð12Þ

In terms of the discrete rk values, Ps(z) is given by

Ps ¼
Pm

k¼0

rk2 cosQkz; ð13Þ

Equation (13) reveals an important aspect of ERIKA: the

dependence of Ps on the variables ri is linear. With all the

second derivatives @2Ps /@ri@rj equal to zero, equation (13)

needs to be solved only once for given initial values of ri.

Solving it again with revised values of ri would result in zero

shifts. In practice, small additional shifts could be obtained if

ERIKA is applied more than once. This behaviour, seen only

when we introduced random errors into the test data, is likely

to be the result of rounding or truncation errors.

After being processed by ERIKA the function of rk versus

Q looks unnatural since it contains a discontinuity between Qn

and Qn+1. This unnatural look could be avoided in a number of

ways. One strategy is to allow all rk to vary, each tied to its

original value, the anchor point, by a spring. At low Q, the

springs are very weak, perhaps almost nonexistent, but they

become progressively stronger at higher Q values. Such a

strategy may be desirable, just for aesthetics if not for any

other reason.
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